The Stata Journal publishes reviewed papers together with shorter notes or comments, regular columns, book reviews, and other material of interest to Stata users. Examples of the types of papers include 1) expository papers that link the use of Stata commands or programs to associated principles, such as those that will serve as tutorials for users first encountering a new field of statistics or a major new technique; 2) papers that go "beyond the Stata manual" in explaining key features or uses of Stata that are of interest to intermediate or advanced users of Stata; 3) papers that discuss new commands or Stata programs of interest either to a wide spectrum of users (e.g., in data management or graphics) or to some large segment of Stata users (e.g., in survey statistics, survival analysis, panel analysis, or limited dependent variable modeling); 4) papers analyzing the statistical properties of new or existing estimators and tests in Stata; 5) papers that could be of interest or usefulness to researchers, especially in fields that are of practical importance but are not often included in texts or other journals, such as the use of Stata in managing datasets, especially large datasets, with advice from hard-won experience; and 6) papers of interest to those who teach, including Stata with topics such as extended examples of techniques and interpretation of results, simulations of statistical concepts, and overviews of subject areas.
For more information on the Stata Journal, including information for authors, see the web page 1 Confirmatory factor analysis (CFA)
In a wide range of research problems, especially in the social sciences, the researcher may not have access to direct measurements of the variables of interest; for example, intellectual ability is not something that can be measured in centimeters or kilograms. However, people who are more able can work on mental problems faster, make fewer errors, or solve more difficult problems. These differences between individual abilities underlie IQ tests. A more careful analysis might distinguish different dimensions of an intellectual ability, including reasoning on verbal, spatial, logical, and other kinds of problems. As another example, liberal democracy is a characteristic of a society that will not have natural measurement units associated with it (unlike, say, gross domestic product per capita as a measure of economic development). Political scientists would have to rely on expert judgment comparing different societies in terms of how much political freedom citizens may have or how efficient democratic rule is.
In the above problems, researchers will not have accurate measurements of the main variable of interest. Instead, they operate with several proxy variables that share correlation with that (latent) variable but also contain measurement error. A popular tool to analyze problems of this kind is confirmatory factor analysis (CFA). This is a multivariate statistical technique used to assess the researcher's theory, which suggests the number of (latent, or unobserved) factors and their relation to the observed variables, or indicators (Lawley and Maxwell 1971; Bartholomew and Knott 1999; Brown 2006) . CFA can be viewed as a subfield of structural equation modeling (SEM) with latent variables (Bollen 1989) when the latent variables are all assumed to be exogenous. The terms "latent variables", "factors", and "latent factors" will be used interchangeably in this article.
The method differs substantially from exploratory factor analysis (EFA). In EFA, the number of factors and their relation to the observed variables is unknown in advance. 
Confirmatory factor analysis
The researcher fits several models and compares them using fit criteria, analysis of eigenvalues of certain (functions of) variance-covariance matrices, or substantive considerations. Once the number of factors and the linear subspace of the factors are determined, the researcher tries to find a rotation that would separate variables into groups so that variables within the same group are highly correlated with one another and are said to originate from the same factor. The factors are constructed to be uncorrelated.
In CFA, the model structure must be specified in advance: the number of factors is postulated, as well as relations between those factors and observed variables. The researcher must specify which variables are related to which factor(s). The complete structure of the model is specified in advance. An advantage of this approach is that it permits the usual statistical inference to be performed: the standard errors of the estimated coefficients can be obtained and model tests can be performed.
In Stata, EFA is available via the factor estimation command and the associated suite of postestimation commands. See [MV] factor.
The model and identification
Let us denote the unobserved latent factors with ξ k , k = 1, . . . , m, where m is the number of factors that need to be specified a priori. Let the observed variables be y j , j = 1, . . . , p. Let index i = 1, . . . , n enumerate observations. In typical application of CFA, there will be a handful of factors (sometimes just one factor) with several variables per factor. Large psychometric scales may contain as many as several dozen or more than a hundred questions, although most items will be binary rather than continuous.
Linear relations are postulated to hold between the factors and observed variables,
where µ j is the intercept; λ jk are regression coefficients, or factor loadings; and δ j are measurement errors, or unique errors. In matrix form, (1) can be written as
where vectors µ, ξ i , and δ i denote regression intercepts, latent variables, and measurement errors, respectively, and Λ is the matrix of factor loadings. The measurement errors, δ, are assumed to be independent of the factors, ξ. Let us additionally introduce the (matrices of) parameters
using the usual convention that E(ξ) = 0, E(δ) = 0. Then the covariance matrix of the observed variables is
where all parameters are put together into vector θ.
Let us highlight the distinctions between EFA and CFA again using the matrix formulation (3). EFA assumes that matrices Φ and Θ are diagonal, and matrix Λ is freely estimated (and rotated if needed). CFA assumes that matrix Λ has a strong structure with zeroes (or other constraints) in several places, as dictated by researcher's substantive theory. In fact, the most common structure of this matrix is known as the model of factor complexity 1: each variable loads on only one factor. Then Λ has a block structure:
Other restrictions and corresponding structure of the Λ matrix can be entertained depending on the model.
Before the researcher proceeds to estimation, he or she needs to establish that the model is identified (Bollen 1989) . Identification means that no two different sets of parameters can produce the same means and covariance matrix (3).
The minimal set of identification conditions in any latent variable modeling is to set the location and the scale of the latent variables. The former is usually achieved by setting the mean of the latent variable to zero, and that is the convention adopted by confa.
There are two common ways to identify the scales of latent factors. One can set the variance of the latent variable ξ k to 1. Alternatively, one can set one of the loadings λ jk to a fixed number, most commonly 1. Then the latent variable will have the units of that observed variable, which might be useful if the observed variable is meaningful (e.g., the latent variable is wealth, and the observed variable is annual income, in dollars).
A necessary identification condition is that the number of parameters, t, of the model does not exceed the degrees of freedom in the model. In covariance structure modeling (and in CFA, as a special case), this is the number of the nonredundant entries of the covariance matrix (3):
where t is the number of parameters describing the covariance structure. (As long as zero values are assumed for the means of the factors and errors, the mean structure is said to be saturated, and the estimates of µ are the corresponding means, µ j = y j .) If t = p * , the model is said to be exactly identified, and if t > p * , it is said to be overidentified. In the latter case, additional degrees of freedom can be used to test for model fit; see below.
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Confirmatory factor analysis
There are additional conditions related to identification of the latent structure of the model. Several sufficient identification rules have been developed for CFA. Bollen (1989) lists the following rules:
1. Three indicator rule. If the model has factor complexity 1, the covariance matrix of the error terms, V (δ) = Θ, is diagonal, and each factor has at least three indicators (observed variables associated with that factor), then the CFA model is identified.
2. Two indicator rule. If the model has factor complexity 1, the covariance matrix of the error terms, V (δ) = Θ, is diagonal, there is more than one factor in the model (m > 1), each row of Φ has at least one nonzero, off-diagonal element, and each factor has at least two indicators, then the CFA model is identified.
Estimation, testing, and goodness of fit
One of the most popular methods to estimate the parameters in (1) or (2) is by maximum likelihood (Jöreskog 1969) . If assumptions of i.i.d. data and of the multivariate normality of the observed data (equivalent to the assumption of multivariate normality of ξ and δ) are made, then the log likelihood of the data is
where S is the maximum likelihood estimate (MLE) of the (unstructured) covariance matrix of the data. The likelihood (4) can be maximized with respect to the parameters to obtain the MLEs, θ, of the parameters of the model. The asymptotic variancecovariance matrix of the estimates is obtained as the inverse of the observed information matrix, or the negative Hessian matrix, as usual (Gould, Pitblado, and Sribney 2006) .
The (quasi-)MLEs retain some desirable properties when the normality assumptions are violated (Anderson and Amemiya 1988; Browne 1987; Satorra 1990 ). The estimators are still asymptotically normal. Moreover if 1) the model structure is correctly specified and 2) the error terms, δ, are independent of one another and of the factors, ξ, then the inverse information matrix gives consistent estimates of the variances of parameter estimates, except for the variance parameters of nonnormal factors or errors. If those asymptotic robustness conditions are violated, the variance-covariance matrix is inconsistently estimated by the observed or expected information matrix.
Alternative methods of variance-covariance matrix estimation have been proposed that ensure inference is asymptotically robust to violations of normality. The most popular estimate is known as Satorra-Bentler "robust" standard errors, after Satorra and Bentler (1994) ; see section 5. Stata provides another estimator: Huber sandwich standard errors (Huber 1967) .
Other point estimation methods in CFA include generalized least squares (Jöreskog and Goldberger 1972) and asymptotically distribution free methods (Browne 1984) . They are not currently implemented in confa.
Once the MLEs, θ, are obtained, one can form the implied covariance matrix Σ( θ). The goodness of fit of the model is then the discrepancy between this matrix and the sample covariance matrix S. The substantive researchers can only convincingly claim that their models are compatible with the data if the model fit is satisfactory, and the null hypothesis
cannot be rejected.
The discrepancy implied by the maximum likelihood method itself is the likelihoodratio test statistic
which has asymptotic χ 2 distribution with degrees of freedom equal to the number of overidentifying model conditions q = p * − t.
There are other concepts of fit popular in SEM and CFA literature (Bentler 1990a; Marsh, Balla, and Hau 1996) . Absolute measures of fit are addressing the absolute values of the residuals, defined as the entries of the difference matrix S − Σ( θ). An example of such measure is the root of mean squared residual (RMSR), given in section 5.1 by (11). Parsimony indices correct the absolute fit by the number of degrees of freedom used to attain that level of fit. An example of such measure is the root mean squared error of approximation (RMSEA), given in section 5.1 by (12). Values of 0.05 or less, or confidence intervals covering this range, are usually considered to indicate a good fit. Comparative fit indices relate the attained fit of the model to the independence model when Σ(·) = diag S with p degrees of freedom. They are intended to work as pseudo-R 2 for structural equation models. Comparative fit indices are close to 0 for models that are believed to fit poorly and close to 1 for the models that are believed to fit well. Some of the indices may take a value greater than 1, and that is usually taken as indication of overfitting. Two such indices are reported by the confa postestimation suite: the Tucker-Lewis nonnormed fit index (TLI) and Bentler's comparative fit index (CFI). Values greater than 0.9 are usually associated with good fit. See section 5 for methods and formulas.
When the assumptions of multivariate normality and asymptotic robustness are violated, the (quasi-)likelihood-ratio statistic (5) has a nonstandard distribution based on the sum of weighted χ 2 1 variables. Satorra and Bentler (1994) proposed Satterthwaitetype corrections: T sc given by (18) corrects the scale of the distribution, and T adj given by (19) corrects both the scale and the number of degrees of freedom.
An alternative procedure to correct for the nonstandard distribution of the likelihood-ratio test statistic is by using resampling methods to obtain approximation for the distribution in question. Beran and Srivastava (1985) and Bollen and Stine (1992) demonstrated how the bootstrap should be performed under the null hypothesis of the correct model structure. Specifically, they proposed to rotate the data according to
The new variables y * are guaranteed to be compatible with (2) and at the same time retain the multivariate kurtosis properties of the original data. Then a sample of the rotated data, y * b , can be taken; the model is fit to that sample; and the test statistic, T b , is computed; the whole process is repeated for b = 1, . . . , B sufficiently many times. The bootstrap p-value associated with test statistic T is the fraction of exceedances:
Other aspects of fit that practitioners will usually check is that the parameter estimates have expected signs and the proportions of explained variance of the observed variables (squared multiple correlations, also known as indicator reliability) are sufficiently high (say, greater than 50%).
Factor scoring
In many psychological, psychometric, and educational applications, the applied researcher uses the model like (1)-(2) to obtain estimates of the latent traits for individual observations. They are usually referred to as factor scores, ξ. The model then serves as an intermediate step in obtaining those scores, although goodness of fit is still an important consideration. The procedure of obtaining the predicted values for ξ is usually referred to as scoring.
Two common factor scoring methods are implemented through the predict postestimation command of the confa command. The regression method obtains the estimates (predictions) of the factor scores by minimizing the (generalized) sum of squared deviations of the factors from their true values, which results in factor scores
The hatted matrices are the matrices of the MLEs of the model parameters. Equation (6) can also be justified as an empirical Bayes estimator of ξ i , with the model giving the prior distribution ξ ∼ N (0, Φ), and the data from the ith observation used to update that prior, assuming multivariate normality.
Another scoring method, known as the Bartlett method, imposes an additional assumption of unbiasedness and results in factor scores
It is also known as the maximum likelihood method because it provides the maximum likelihood estimates of ξ conditional on the data y i , with a mild abuse of notation because the data are used twice, in estimating the parameters and as inputs to the predictions.
The two methods typically give very similar answers with highly correlated results. The factor scores obtained from the Bartlett method are unbiased but have greater variance, while the factor scores obtained from the regression method are shrunk toward zero.
Description of confa command
The confa command contains estimation and postestimation commands for confirmatory factor analysis. Single-level, single-group estimation is supported. 1 A variety of identification conditions can be imposed, and robust standard errors can be reported. Goodness-of-fit tests can be corrected using the Satorra and Bentler (1994) scaling approach or using the Bollen and Stine (1992) The factor specification, factorspec, is
The correlated-errors specification, corrspec, is
The list of factors, factorlist, comprises factornames.
The allowed types of weights are pweights, iweights, and aweights. where varname k and varname j are some of the observed variables in the model; that is, they must appear in at least one factorspec statement. If there is only one correlation specified, the optional parentheses shown above may be omitted. There should be no space between the colon and varname j.
unitvar(factorlist | all) specifies the factors (from those named in factorspec) that will be identified by setting their variances to 1. The keyword all can be used to specify that all the factors have their variances set to 1 (and hence the matrix Φ can be interpreted as a correlation matrix).
free frees up all the parameters in the model (making it underidentified). It is then the user's responsibility to provide identification constraints and adjust the degrees of freedom of the tests. This option is seldom used.
constraint(numlist) can be used to supply additional constraints. There are no checks implemented for redundant or conflicting constraints, so in some rare cases, the degrees of freedom may be incorrect. It might be wise to run the model with the free and iterate(0) options and then look at the names in the output of matrix list e(b) to find out the specific names of the parameters.
missing requests full-information maximum-likelihood estimation with missing data. By default, estimation proceeds by listwise deletion.
usenames requests that the parameters be labeled with the names of the variables and factors rather than with numeric values (indices of the corresponding matrices). It is a technical detail that does not affect the estimation procedure in any way, but it is helpful when working with several models simultaneously, tabulating the estimation results, and transferring the starting values between models.
Variance estimation vce(vcetype) specifies different estimators of the variance-covariance matrix. Common estimators (vce(oim), observed information matrix, the default; vce(robust), sandwich information matrix; vce(cluster clustvar ), clustered sandwich estimator with clustering on clustvar) are supported, along with their aliases (the robust and cluster(clustvar ) options). See [R] vce option.
An additional estimator specific to SEM is the Satorra-Bentler estimator (Satorra and Bentler 1994) . It is requested by vce(sbentler) or vce(satorrabentler). When this option is specified, additional Satorra-Bentler scaled and adjusted goodness-of-fit statistics are computed and presented in the output. See section 5 for details.
Reporting level(#) changes the confidence level for confidence-interval (CI) reporting.
Other svy instructs confa to respect the complex survey design, if one is specified.
from(ones | 2sls | ivreg | smart | ml init args) provides the choice of starting values for the maximization procedure. The ml command's internal default is to set all parameters to zero, which leads to a noninvertible matrix, Σ, and ml has to make many changes to those initial values to find anything feasible. Moreover, this initial search procedure sometimes leads to a domain where the likelihood is nonconcave, and optimization might fail there.
ones sets all the parameters to values of one except for covariance parameters (offdiagonal values of the Φ and Θ matrices), which are set to 0.5. This might be a reasonable choice for data with variances of observed variables close to 1 and positive covariances (no inverted scales).
2sls or ivreg requests that the initial parameters for the freely estimated loadings be set to the two-stage least-squares (2SLS) instrumental-variable estimates of Bollen (1996) . This requires the model to be identified by scaling indicators (i.e., setting one of the loadings to 1) and to have at least three indicators for each latent variable.
The instruments used are all other indicators of the same factor. No checks for their validity or search for other instruments is performed.
smart provides an alternative set of starting values that is often reasonable (e.g., assuming that the reliability of observed variables is 0.5).
Other specification of starting values, ml init args, should follow the format of ml init. Those typically include the list of starting values of the form from(# # . . . #, copy) or a matrix of starting values from(matname, copy | skip ). See [R] ml.
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Confirmatory factor analysis loglevel(#) specifies the details of output about different stages of model setup and estimation, and is likely of interest only to programmers. Higher numbers imply more output.
Additional ml options may be used to control the maximization process. See [R] maximize and [R] ml. Of these, the difficult option, which improves the behavior of the maximizer in relatively flat regions, is likely to be helpful. See its use in the examples below.
Descriptions and options of estat
The postestimation command estat fitindices produces fit indices and supports the following options:
aic requests the Akaike information criterion (AIC).
bic requests the Schwarz Bayesian information criterion (BIC).
cfi requests the CFI (Bentler 1990b) .
rmsea requests the RMSEA (Browne and Cudeck 1993) .
rmsr requests the RMSR.
tli requests the TLI (Tucker and Lewis 1973) .
all requests all the above indices. This is the default behavior if no option is specified.
The computed fit indices are returned as r() values.
estat aic and estat bic compute the Akaike and Schwarz Bayesian information criteria, respectively.
estat correlate transforms the covariance parameters into correlations for factor covariances and measurement-error covariances. The delta method standard errors are given; for correlations close to plus or minus 1, the CIs may extend beyond the range of admissible values. Additional options are allowed.
level(#) changes the confidence level for CI reporting.
bound provides an alternative asymmetrical CI based on Fisher's z transform (Cox 2008 ) of the correlation coefficient. It guarantees that the end points of the interval are in the (−1, 1) range, provided the estimate itself is in this range.
Description and options of predict
The postestimation command predict can be used to obtain factor scores. The following options are supported: regression, empiricalbayes, or ebayes requests regression, or empirical Bayes, factor scoring procedure (6).
mle or bartlett requests Bartlett scoring procedure (7).
Options of bollenstine
reps(#) specifies the number of bootstrap replications. The default is reps (200).
saving(filename) specifies the file where the simulation results (the parameter estimates and the fit statistics) are to be stored. The default is a temporary file that will be deleted as soon as bollenstine finishes.
confaoptions(string) allows the transfer of confa options to bollenstine. If nondefault model (unitvar and correlated) options were used, one would need to use them with bollenstine as well.
If no starting values are specified among confaoptions, the achieved estimates e(b) will be used as starting values.
In the author's experience, confa may fall into nonconvergent regions with some bootstrap samples. It would be then recommended to limit the number of iterations, say with confaoptions(iter(20) . . .).
Other bootstrap options (except for the forced notable, noheader, nolegend, and reject(e(converged) == 0) options) are allowed and will be transferred to the underlying bootstrap command. See [R] bootstrap.
3 Example 1: Simple structure CFA with psychometric data A popular and well-known dataset for confirmatory factor analysis is based on Holzinger and Swineford (1939) data also analyzed by Jöreskog (1969) . 2 The dataset contains the measures of performance of 301 children in grades 7 and 8 from two different schools on several psychometric tests. The complete dataset has 26 psychometric variables. The benchmark analyses (Jöreskog 1969; Yuan and Bentler 2007) usually use a smaller subset with 9 or 12 variables, typically linked to three or four factors, respectively. The relevant subset is available as follows:
. use hs-cfa (Holzinger & Swineford (1939) 
Specification and starting values
We shall factor analyze these data, grouping the variables together in three factors: "visual" factor (x1-x3 variables), "textual" factor (x4-x6 variables), and "math" factor (x7-x9 variables). In matrix terms,
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A graphical representation using the standard conventions of structural equation modeling path diagrams is given in figure 1 . Observed variables are represented as boxes and unobserved variables, as ovals. The directed arrows between objects correspond to the regression links in the model, and stand-alone arrows toward the observed variables are measurement errors (the symbols δ j are omitted). Two-sided arrows correspond to correlated constructs (factors). The default search procedures of ml led to a region with flat likelihood, and ml maximize was unable to overcome this. As described in the previous section, several options for better starting values are available in confa. For the standardized data, the from(ones) option will be expected to perform well. If the factors are identified by unit loadings of the first variable (the default), one can use from(iv) or its equivalent, from(2sls), to get the initial values of loadings from the Bollen (1996) 2SLS estimation procedure, with factor variances and covariances obtained from the variances of the scaling variables, and error variances obtained by assuming the indicator reliabilities of 0.5. Also, with this normalization by the indicator, the from(smart) option provides another set of initial values with initial loadings estimated from the covariances of the variable in question and the scaling variable, with other parameters receiving initial values similarly to the procedure with the from(iv) settings. Let us demonstrate those procedures: It appears that the 2SLS initial values performed best, and it should not be surprising. The 2SLS estimates are consistent if 1) the model is correctly specified, 2) there are no variables of factor complexity more than 1, and 3) there are no correlated measurement errors. All other starting-value proposals, on the other hand, have some ad-hoc heuristics that produce reasonable, feasible, but far from optimal values. It is not guaranteed, however, that from(iv) will always produce the best starting values that would ensure the fastest convergence, especially in misspecified models.
The resulting estimates are identical for all three convergent runs: The reported estimates are as follows: the estimated means of the data (coincide with the sample means for complete data); loadings, λ jk , grouped by the latent variable, in the order in which those factors and variables were specified in the call to confa; factor covariances, φ kl ; and variances of the error terms, δ j . All parameters are freely estimated, except for loadings used for identification (they have a coefficient estimate equal to 1 and are missing standard errors). This implies that the covariances are not guaranteed to comply with Cauchy inequality and that the error variances are not guaranteed to be nonnegative. Violations of these natural range restrictions are known as Heywood cases and sometimes indicate improper specification of the model. The next block in the output gives indicator reliabilities defined as a proportion of the variance of the observed variable explained by the model. They can be thought of as R 2 's in imaginary regressions of the observed variables on their respective latent factors.
The final set of the displayed statistics is likelihood ratios. The first line is the test against a saturated model (when Σ = S), and the second line is the test against an independence model (when Σ = diag S). The first test shows that the model is not fitting well, which is known in literature, while the second one shows that the current model is still a big improvement when compared with the null model, in which variables are assumed independent.
As a final note on the initial values, the internal logic of ml search cannot take into account various parameter boundaries and constraints specific to confa. If you see in your output something like . confa (f1: x_1*) (f2: x_2*) (f3: x_3*), from(smart) initial:
log likelihood = -3332.5231 rescale:
log likelihood = -3290.9289 rescale eq: log likelihood = -3130.3676 initial values not feasible you have come across such an occurrence. You might want to bypass ml search with an additional search(off) option.
Standard-error estimation
The results reported above assume multivariate normality and use the inverse observed information matrix as the estimator of the variance-covariance matrix of the coefficient estimates. Other types of estimators are known in SEM, most prominently Satorra and Bentler (1994) The point estimates are the same as before, but the standard errors are different. In models with correctly specified structure, the Satorra-Bentler standard errors are typically larger than the information matrix-based standard errors, although counterexamples can be provided when the distribution of the data has tails lighter than those of the normal distribution. Note also that additional test statistics are reported: T sc , T adj , and T 2 . The naïve quasi-maximum-likelihood test statistic reported on the first line of test statistics is no longer valid when the data do not satisfy the asymptotic robustness conditions (see p. 332). These additional tests tend to perform much better. The technical description is given in section 5; see (16) Because the robust option implies that the assumptions of the model are violated, the likelihood-ratio tests are not computed and indicator reliabilities (squared multiple correlations) are not reported. Similar behavior is shown by other Stata commands, such as regress, . . . robust, which omits ANOVA table, because this estimator potentially corrects for heteroskedasticity of error terms, and in presence of heteroskedasticity, sums of squared errors are not particularly meaningful. Unlike the Satorra-Bentler variance estimator, the sandwich estimator does not make any assumptions regarding the model structure, and hence is likely to retain consistency under a greater variety of situations compared with the Satorra-Bentler estimator.
Correlated errors
It was argued in substantive literature that one of the reasons the basic CFA model does not fit well for this dataset is because the variables responsible for the speeded counting (x7 and x8) are measuring similar skills, while the other variable in this factor, x9, has a weaker correlation with either of them than they have with one another. Hence, the model where errors of x7 and x8 are allowed to correlate might fit better.
Here is how this can be implemented. Note the use of starting values: the previous parameter estimates are saved and transferred via the from(. . ., skip) option. The skip option in parentheses ensures that the values are copied by the names rather than by position in the initial vector. The reported R 2 's for variables x7 and x8 went down, while the reported R 2 for x9 went up and became the largest R 2 in the model. This is not surprising. The math factor is primarily based on covariances between the last three variables, and to a lesser extent, on covariances between the last three and the first six variables. The latter component is relatively unchanged between the two models. However, with the covariance between the error terms δ 7 and δ 8 freely estimated, the covariance between x7 and x8 no longer contributes to explaining this factor. The burden of identifying this factor shifts to covariances x7-x9 and x8-x9. The math factor now has to contribute less to explaining covariances between x7 and x8, and more to explaining covariance of x9 with other variables. This produces the observed change in reliabilities.
Is this newly introduced correlation significant? The z statistic is reported to be 5.32, and the likelihood ratio can be formed to be 85.306 − 53.272 = 32.034, significant when referred to χ 2 1 . Virtually identical results can be obtained with the robust variance estimator that gives the standard error of 0.0654 and z statistic of 5.39, highly significant at conventional levels.
Let us demonstrate another important procedure for computing significance of the χ 2 -difference tests with nonnormal data.
Satorra-Bentler scaled difference test
Nonnormality of the data may cast doubt on the value of both the goodness-offit test and the likelihood-ratio tests of nested models. Satorra and Bentler (2001) demonstrated how to obtain a scaled version of the nested models test correcting for multivariate kurtosis. Suppose two models are fit to the data, resulting in the (quasi-)likelihood-ratio test statistics T 0 and T 1 ; degrees of freedom r 0 and r 1 ; and scaling factors c 0 and c 1 (18), where index 0 stands for a more restrictive (null) model. Then the test statistic is
to be referred to χ 2 with r 1 − r 0 degrees of freedom. It is not guaranteed to be nonnegative in finite samples or with grossly misspecified models.
Here is the sequence of steps to obtain the test statistic T d to test for significance of correlated errors:
. qui confa (vis: x1 x2 x3) (text: x4 x5 x6) (math: x7 x8 x9), from(bb) > vce(sbentler) . local T0 = e(lr_u) . local r0 = e(df_u)
. local c0 = e(SBc) . qui confa (vis: x1 x2 x3) (text: x4 x5 x6) (math: x7 x8 x9), from(bb, skip) > vce(sbentler) correlated(x7:x8)
. local T1 = e(lr_u) . local r1 = e(df_u) . local c1 = e(SBc) . local DeltaT = ( T0 -T1 )*( r0 -r1 )/( r0 * c0 -r1 * c1 ) . di as text "Scaled difference Delta = " as res %6.3f DeltaT as text "; Prob > [chi2>" as res %6.3f DeltaT as text "] = " as res %6.4f > chi2tail( r0 -r1 , DeltaT ) Scaled difference Delta = 33.484; Prob[chi2>33.484] = 0.0000 See the description of returned values in section 5. The test statistic, which has an approximate χ 2 distribution, again confirms that the correlation is significant.
Bollen-Stine bootstrap
Aside from the Satorra-Bentler fit statistics T sc and T adj reported with option vce(sbentler), an alternative way to correct fit statistics for nonnormality is by resampling methods. The bootstrap procedure for covariance matrices was proposed by Beran and Srivastava (1985) and Bollen and Stine (1992) . This procedure is implemented via the bollenstine command as a part of the confa package. See syntax diagrams in section 2.
For a fraction of the bootstrap samples, maximization does not converge (even though the last parameter estimates are used as starting values, by default). Hence, bollenstine rejects such samples (via the reject(e(converged)==0) option supplied to the underlying bootstrap). It is supposed to be used in conjunction with a limit on the number of iterations given by confaoptions(iter(#) . . .). In most "good" samples, the convergence is usually achieved in about 5 to 10 iterations. In the output that follows, the limit on the number of iterations is set to 20. There were two samples where the bootstrap did not converge, shown with x among the dots produced by the bootstrap command. If the number of iterations is set to 5, only 208 out of 500 bootstrap samples produce convergent results.
Note the use of confaoptions(corr(x7:x8)) to transfer the original model specification to bollenstine. Without it, bollenstine would be calling the basic model without the correlated errors, thus producing inappropriate results.
(Continued on next page)
. qui confa (vis: x1 x2 x3) (text: x4 x5 x6) (math: x7 x8 x9), from(bb, skip) > correlated(x7:x8) . set seed 1010101 . bollenstine, reps (500) ...x............................  150  ................................................. Standard errors have been replaced by the Bollen-Stine bootstrap ones. In addition to the usual goodness-of-fit tests, the bootstrap p-value and the percentile method CI for the goodness-of-fit test statistic are reported. The computations of the bootstrap p-value, the CI, and the standard errors are based on the converged samples only (498 out of 500). Note how this CI compares with the one implied by the theoretical χ 2 23 distribution, [13.091, 35.172] . The test statistic for the current sample size and multivariate kurtosis structure appears to be slightly biased upward. The actual test statistic of 53.27 is way outside either interval, and only one out of 498 bootstrap samples produced the test statistics above it.
Postestimation commands: Fit indices and correlations
There are several postestimation commands available in the confa command that provide additional estimation and diagnostic results. First, several popular fit indices can be obtained via the estat fitindices command: The fit of the model is not that great. RMSEA seems to be barely touching the desirable region (below 0.05), and CFI is rather low although within the range of what are considered good-fitting models (from 0.9 to 1.0).
Second, the covariance parameters can be transformed to correlations by estat correlate. The standard errors are computed by the delta method, and the CIs can be computed directly by asymptotic normality, or via Fisher's z transform (Cox 2008) requested by the bound option, which produces CIs bound to be within a (−1, 1) interval and shrunk toward zero. If there are any Heywood cases, that is, improper estimates with implied correlations outside a (−1, 1) interval, then z transform is not applicable, and a missing CI will result. 
Factor predictions
Factor predictions are obtained by the standard postestimation command predict. The feature of this command is that all factors present in the model must be predicted at once, so the newvarlist must contain as many new variables as there were factors in the model: The factor covariances within each method resemble the estimated Φ matrix, although the regression (empirical Bayes) method factors are shrunk toward zero (and thus have smaller variances). The factor predictions obtained by the two methods are almost perfectly correlated, which is to be expected because they are measuring the same quantities, albeit on different scales.
Alternative identification
As the last twist that can be applied to these data, let us consider an alternative identification when factor variances are set to 1 and factor loadings are estimated freely. Because scaling of the model is different, the previous estimates might be of limited value, hence the initial values are specified as from(ones). The ivreg option is not applicable to this situation. The log-likelihood and goodness-of-fit tests are the same as before: the models are said to be χ 2 identical. The variances and covariances of the error terms are free of the scaling issue and the same as before. Both point estimates of the factor covariances (which are in fact factor correlations with this identification) and their standard errors are very close to the factor correlations and their standard errors reported by estat correlate when the model was identified by unit variable loadings (see the section above titled Postestimation commands: Fit indices and correlations).
Missing data
By default, confa performs listwise deletion of missing data. Any observation that has missing values among the observed variables (or the weight variable if weighted analysis was requested) is dropped from the analysis. Upon excluding such observations, estimation proceeds as if the data were complete.
A more thorough treatment of missing data (full-information maximum-likelihood method for missing data in structural equation modeling) is provided with the missing option. When this option is specified, the following modifications are taken:
1. The sample is restricted to the observations identified by the if and in statements.
If the observed variables have missing values, they are still retained.
2. Goodness-of-fit tests and R 2 for observed variables are not computed because they rely on the estimate of the unstructured covariance matrix, which is not available with this method.
3. Factor predictions are not available.
Maximization proceeds by establishing the patterns of missing data and extracting the relevant submatrices of the mean vector, µ(θ), and covariance matrix, Σ(θ), for each pattern. A message is printed about the number of missing patterns found; the computation time should be expected to increase linearly with that number because this many submatrices of Σ(θ) should be inverted for each evaluation of the log likelihood.
The naïve listwise deletion analysis is appropriate when the data are missing completely at random (Little and Rubin 2002) . The more sophisticated analysis with the missing option is technically applicable to more complicated situations when the probability of being missing depends on other observed variables. It can be argued however that in CFA context, the relevant conditioning should be on the exogenous variables ξ and δ, which are unobserved. Typically, in the missing-data situations, listwise deletion will tend to exclude a lot of observations, so specifying the missing option is recommended for most uses. Carrying over the starting values from simpler analysis will speed up convergence, as usual. My experience suggests that the likelihoods with missing data tend to have multiple local maximums and thus are more sensitive to starting values.
Let us introduce some missing data in the Holzinger-Swineford example and analyze the resulting dataset.
. set seed 123456 . forvalues k=1/9 { 2. gen y k = cond(runiform()<0.0 k , ., x k ) 3. } (2 missing values generated) (2 missing values generated) (8 missing values generated) (18 missing values generated) (21 missing values generated) (14 missing values generated) (17 missing values generated) (28 missing values generated) (33 missing values generated) By default, confa will perform listwise deletion:
(Continued on next page)
. confa (vis: y1 y2 y3) (text: y4 y5 y6) (math: y7 y8 y9), from(bb) nolog log likelihood = -2349. 
Confirmatory factor analysis
In this analysis, both variance-covariance matrices of the coefficient estimates (vce or e(V)) for the complete-data analysis (with x* variables) and missing-data analysis (with y* variables and the missing option) are smaller than the variance-covariance matrix in the analysis of y* variables without the missing option. Comparison between the former two is inconclusive.
A word of caution: It appears that this treatment of missing data leads to highly unstable results. Table 1 , below, shows the maximization results with different starting values and different maximization techniques. The top value in each cell is the log likelihood at maximum, and the bottom value is the elapsed maximization time. None of the 20 resulting maximums coincided! This behavior was not observed in the complete-data analysis where the same maximum has been consistently found with all starting values and maximization parameters. It is possible that the global maximum of the procedure was not found, and it is unclear which of the local maximums would correspond to consistent estimates. Bollen [1993] ). Political liberties are measured by freedom of group opposition and party formation, freedom of the broadcast media, and freedom of print media and civil liberties. Democratic rule is measured by effectiveness of the elected legislative body, political rights, competitiveness of nomination process, and chief executive election. The measurement errors are believed to be correlated, with correlations coming from variables that have been produced by the three aforementioned researchers. In MTMM terms, the two substantive dimensions are the traits, and the data sources are the methods. While the general MTMM models may have identification problems (Marsh, Byrne, and Craven 1992; Byrne and Goffin 1993; Grayson and Marsh 1994) due to highly structured covariance matrices, this model does not load every method to every factor and has been shown by Bollen (1993) to be identified. The structure of the model is represented in figure 2 . The individual error terms are omitted to reduce the clutter. Building up a complex CFA model
The default initial values logic with one of from(iv), from(ones), or from(smart) does not apply well in this situation, because each variable has a factor complexity of two. The model fails to converge when any of those options is submitted as starting values. Thus we first fit the traits and the methods models separately, using the residuals from the first model as the data for the second model. The estimates are combined to form the starting values for the full model.
(Continued on next page)
. *traits model . use libdem80, clear (Cross-National Indicators of Liberal Democracy, 1950 . confa (pollib: party broad print civlb) (demrul: leg80 polrt compet effec), > vce (sbentler) . matrix b_res = e(b)
. restore
Next let us fit the full model. First, we define the constraints, specifying that the traits and methods are uncorrelated. Second, we specify the starting values as a combination of the loadings and factor covariances from the two runs. The matrix b t contains the following preliminary estimates: the means of the observed variables, the loadings of the traits (dimensions of political democracy), the covariances of the trait factors, and the residual variances from the first model. The matrix b res contains the following preliminary estimates: the means of the observed variables, the loadings of the methods (sources of data), the covariances of the method factors, and the residual variances from the second model. The matrix bb2 updates the traits model results with the "new" results from the residual model (the loadings and factor covariances of the methods, and error variances). The range of indices can be identified from output of matrix list b t and matrix list b res. While the parameters are not in the correct order in matrix bb2, the combination of from(. . ., skip) and usenames ensures that parameters are copied by names rather than by position in the initial values vector. [1,9..30] ) . confa (pollib: party broad print civlb) (demrul: leg80 polrt compet effec) > (sussman: broad print) (gastil: civlb polrt) (banks: leg80 party compet effec), > constr (201 202 203 204 205 206) The use of the difficult option helped to bring down the number of iterations from 43 to 13. Goodness-of-fit measures are identical to those reported in Bollen (1993) , so estimation procedures converged to the same maximums as in Bollen (1993) .
A mild Heywood case was produced for the compet80 variable: the reported estimated error variance is negative, and the corresponding R 2 is greater than 1. However, the CI for this parameter covers zero. Thus the interpretation can be offered that the population variance might be a small positive quantity. The error variance of exactly zero is as suspicious as a negative estimate: it means that we have a perfect measure of democratic rule, but we know that it is affected by the measurement error associated with the Banks factor (i.e., this variable came from Banks' dataset). Heywood cases are sometimes indicative of model misspecification. If that is the case, only vce(robust) standard errors are asymptotically valid. Here we used vce(sbentler) to produce a range of additional test statistics correcting for multivariate kurtosis expected with this dataset because many variables are ordinal with few categories (3 to 5).
From the substantive perspective, it might be interesting to note that the variance of the Banks factor appears to be insignificant. This means that the variables obtained from Banks and analyzed in the context of the current model are relatively free of the common influences due to idiosyncrasies of that researcher. This cannot be said about the variables coming from the other two researchers, Gastil and Sussman, because they do seem to contain nontrivial amount of common influences. It might be puzzling, however, that the loadings from the Banks factor to its observed compet80 and effec80 variables are well identified.
5 Technical notes 5.1 Methods and formulas confa estimates (2) by maximum likelihood. The observed y i variables are described by
and the log likelihood for observation i, ln L i = l i , is
where Σ = Σ(θ) = ΛΦΛ ′ + Θ is a p × p matrix, and the parameters θ of the model are the means µ, the free elements of Λ, nonredundant elements of Φ, and the free elements of Θ. The latter are usually the diagonal elements only, but if the correlated() option is specified, off-diagonal elements can be estimated, as well. Because the means part of the model is saturated, the number of covariance structure parameters dim θ = t must be no greater than the number of the nonredundant moments of the covariance matrix p * = p(p + 1)/2.
When some components of y i are missing and the missing option is specified, the vector of means, µ, and the parametric covariance matrix, Σ, are restricted to the nonmissing components in computation of the likelihood (8).
The conventional standard errors are available as the inverse of the observed information matrix (vce(oim) method). Other analytic estimators (vce(opg), vce(robust), and vce(cluster clustvar)) are supported, but resampling estimators need to be specified explicitly via a bootstrap or a jackknife prefix to the confa command; see [R] vce option, [R] bootstrap, and [R] jackknife. RMSEA (Steiger 1990; Browne and Cudeck 1993) is Otherwise, set λ U = 0. Finally, set the 90% CI for RMSEA as
If sandwich standard errors are requested, the data are implicitly assumed not to be independent and identically distributed (or violating the model assumptions otherwise), no test statistics or R 2 is reported, and no fit indices are produced by estat fitindices.
An additional variance estimator (Satorra and Bentler 1994) is available with the vce(sbentler) nonstandard option. Let s = vech S, σ = vech Σ, where vech is vectorization operator suppressing redundant elements (Magnus and Neudecker 1999) , and dependence of Σ and σ on θ is implied. Suppose the model has a correct structural specification but an incorrect distributional specification. That is, the number of factors and their relations to observed variables are the true ones, but the distribution of the data is not multivariate normal. Then, under some regularity conditions, the sample moments are asymptotically normal: √ N (s − σ) → N (0, Γ)
The simplest estimator of Γ is based on the fourth-order moments of data,
where b i = (y i − y)(y i − y) ′ . Introduce the normal theory weight matrix,
where D is the duplication matrix (Magnus and Neudecker 1999) , and the Jacobian matrix,
The memory requirements of confa are likely to be mild. To compute the sandwich standard errors (with the robust or cluster options or with svy settings), confa will generate # parameters scores, which would require at least 4 × (# parameters) × (# observations) bytes of memory. Even for sizeable models with, say, 20 variables (and thus about 50 or so parameters) and 10,000 observations, this is 2 MB.
Parameter names and saved results
The nomenclature of the parameter names is as follows.
By default, the parameters are labeled with numeric indices. The observed variables and factors are numbered in the order of their appearance in factorspec statements. The estimated means of the observed variables are referred to as [mean j] cons, with j = 1, . . . , p indexing the observed variables. The factor loadings are [lambda j k] cons. The factor variances and covariances are [phi k l] cons, 1 ≤ k ≤ l ≤ m. The error variances are [theta j] cons, and error covariances, if specified, are [theta j h] cons.
If the usenames option is specified, all the variable and factor indices are replaced with their names in the dataset and factor specifications.
Thus, for instance, the model . confa (f: x1 x2 x3 x4) will have the lambda 1 1, lambda 2 1, lambda 3 1, lambda 4 1, phi 1 1, theta 1, theta 2, theta 3, and theta 4 parameters with default settings; and the lambda x1 f, lambda x2 f, lambda x3 f, lambda x4 f, phi f f, theta x1, theta x2, theta x3, and theta x4 parameters when the usenames option is specified. Specifying the usenames option will make the low-level output (such as matrix list e(b)) produce very long and sparse listings. On the other hand, it is extremely handy when comparing models using the estimates table command or when transferring starting values between commands, as shown in one of the examples above.
The saved results include the standard outcomes from ml, such as e(N) and e(ll). Additional saved results are as follows:
(Continued on next page) Values returned by estat fit are the following:
Scalars r(AIC) AIC r(RMSEA) root mean squared error of r(BIC) BIC approximation (12) r(CFI) CFI (9) r(RMSEA05) 5% lower limit for RMSEA r(TLI) TLI (10) r(RMSEA95) 95% upper limit for RMSEA r(RMSR) root mean squared residual (11)
Computational complexity
A small simulation was conducted to establish the computational complexity of confa, i.e., the approximate functional dependence of computational time on the number of observations, size, and structure of the model. Sample size varied from 100 to 1,000, the number of factors varied from 1 to 5, and the number of indicators per factor varied from 2 to 6. The results are summarized in table 2. The entries are coefficients in the regression, where the dependent variable is the log of elapsed time and explanatory variables are the logs of the quantities in the first column. The dependence on the sample size is of the order O(n 0.68 ) (the sample size is orthogonal to the size and model structure, in the sense of ANOVA factor orthogonality). The dependence on the model complexity is of the order O(k 2.4 ), where model complexity k can be understood as the number of parameters t, the number of observed variables p, or the number of factors m.
Those dependencies are within expectations. The only dependence on the sample size is due to the summation of the likelihood terms, and sublinear growth indicates good memory management and speed optimization of array arithmetics by Stata. The growth rate of computational time in model complexity between quadratic and cubic is indicative of the matrix manipulation complexity, because the algorithms of k × k matrix inversion achieve complexity between O(k 3 ) for simple algorithms down to approximately O(k 2.4 ) for the fastest ones. The matrix inversion operations involved are inversion of p × p matrix Σ(θ) and inversion of t × t Hessian matrix in the Newton-Raphson optimization method.
Verification and certification
Verification (Gould 2001) of confa estimation results was conducted using some published results (Yuan and Bentler 2007; Bollen 1993) as well as other software packages for Holzinger-Swineford data. confa reproduced the point estimates and standard errors reported by Mplus 3.1 (Muthén and Muthén 2004) . However, both sets of results disagreed in the third decimal place with the published results of Yuan and Bentler
